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A class of complete minimal submanifolds and their 
associated families of genuine deformations 

M. Dajczer and Th. Vlachos 


Abstract 

Concerning the problem of classifying complete submanifolds of Euclidean 
space with codimension two admitting genuine isometric deformations, until now 
the only known examples with the maximal possible rank four are the real Kaehler 
minimal submanifolds classified by Dajczer-Gromoll [n] in parametric form. These 
submanifolds behave like minimal surfaces, namely, if simple connected either they 
admit a nontrivial one-parameter associated family of isometric deformations or 
are holomorphic. 

In this paper, we characterize a new class of complete minimal genuinely de¬ 
formable Euclidean submanifolds of rank four but now the structure of their second 
fundamental and the way it gets modified while deforming is quite more involved 
than in the Kaehler case. This can be seen as a strong indication that the above 
classification problem is quite challenging. Being minimal, the submanifolds we 
introduced are also interesting by themselves. In particular, because associated to 
any complete holomorphic curve in there is such a submanifold and, beside, 
the manifold is not Kaehler. 

Some of the very basic question in the local and global theory of isometric immersions 
of Riemannian manifolds into Euclidean space remain in good part unanswered. For 
instance, outside some special cases it is not known which is the lowest codimension for 
which a given Riemannian manifold admits an isometric immersion. On one hand, there 
are several results that assure that a submanifold must be unique, that is, isometrically 
rigid, when lying in its lowest possible codimension. On the other hand, there are 
few theorems classifying isometrically deformable submanifolds and their deformations. 
This is due to the fact that rigidity is a “generic” property while being deformable is 
certainly not, and hence a situation harder to deal with. 

The exception for the deformation problem is the case of hypersurfaces. In fact, in 
the local case the problem was mostly solved by Sbrana [21] and Cartan [1] about a 
century ago; see [7] for details and a modern presentation. A solution to the problem 
for compact hypersurfaces was given by Sacksteder [20] and by Dajczer-Gromoll [lO] in 
the complete case. But solving the deformation problem in codimension two turns out 
to be very challenging even in the more restrictive case of complete manifolds. 
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In dealing with the isometric deformation problem in higher codimension, it has to be 
taken into account that any submanifold of a deformable submanifold has the isometric 
deformations induced by the latter. In order to obtain classihcations, it is natural to 
exclude this type of deformations and only study the remaining ones that were called 
genuine deformations in [5]. 

An isometric immersion /: is a genuine deformation of a given isometric 

immersion /: M” —)■ p > 2, if there is no open subset U C M” along which 

f\u and f\u extend isometrically. That /: M” —)■ and /: extend 

isometrically means that there is an isometric embedding j: ^ 1 < q < p, 

into a Riemannian manifold and there are isometric immersions F: iV™' 

and F: —)■ such that f = F o j and / = F o j, i.e., the following diagram 

commutes: 



The only general result for submanifolds that admit genuine deformations known at 
this time is the local result due to Dajczer-Florit [5]. In low codimension, they showed 
that genuine deformations are only possible for certain class of ruled submanifolds and 
gave a lower bound for the dimension of the rulings. In the special case of codimension 
two, in order to admit genuine deformations a submanifold without flat points must 
have rank p at most four at any point. By p we denote the rank of the Gauss map, 
that is, p = n — z/, where z/ stands for the standard index of relative nullity, namely, the 
dimension of the kernel of the second fundamental form. 

In this paper, we are interested in the global problem of genuine deformations of 
isometric immersions with codimension two. In fact, we deal with the noncompact case 
since for compact submanifolds the deformation problem was already solved by Dajczer- 
Gromoll [12] . We point out that there exist several local results on genuine deformations 
in the special case of submanifold of rank p = 2 but these manifolds are never complete; 
see 0.0 and m]. In particular, there are the minimal ones that were parametrically 
classihed in [I] . They admit a one-parameter associated family of isometric deformations 
whose geometric nature was recently described in [TTj . 

At this time, there is only one classihcation result on deformations for complete 
noncompact submanifolds in Euclidean space with codimension two, namely, the one 
given in m of minimal but non-holomorphic isometric immersions of Kaehler manifolds. 
If simply connected such a submanifold admits a nontrivial one-parameter associated 
family of isometric deformations; see [9]. These submanifolds are ruled (i.e., foliated 
by complete Euclidean spaces) with rulings of codimension two and have rank p = 4 
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almost everywhere. As in the case of minimal surfaces, the associated family is obtained 
by composing its second fundamental form with an orthogonal parallel tensor in the 
tangent bundle given in terms of the complex structure of the manifold. The tensor 
amounts to a rotation of constant angle while keeping the the normal bundle and the 
induced connection unchanged. Basically, this is also the situation of the local case 
discussed to in the preceding paragraph. 

In this paper, we parametrically construct and characterize a new class of complete 
minimal ruled submanifolds that also admit a one-parameter associated family of iso¬ 
metric deformations. As before, the rulings have codimension two and the rank is p = 4 
almost everywhere. Moreover, the deformations are obtained while keeping unchanged 
the normal bundle and connection. But now, the second fundamental form of the de¬ 
formed submanifold relates to the initial one in a much more complex form, in particular, 
no orthogonal tensor is involved. Another key difference to the Kaehler case is that the 
orthogonal distribution to the rulings admits a (necessarily unique) “integral leaf’ that 
is totally geodesic in the manifold. 

It is an interesting question if the above two families of complete ruled minimal 
submanifolds exhaust all examples in the same class that admit genuine deformations. 
For instance, they may be examples such that the integral leaf exists but it is not 
totally geodesic. Of course, a much more challenging classihcation problem of complete 
submanifolds of rank four would be to drop one of the conditions, for instance being 
minimal or ruled. In the Kaehler case, it follows from m that there are a lot more 
examples without complete rulings. From the recent results in [TJ] it follows that this 
is also the situation in our case. 

Finally, we observe that some arguments in this paper involve some unexpected long 
but straightforward computations that will be only sketched. 

1 The 1-isotropic surfaces 

In this section, we discuss some properties of the 1-isotropic surfaces in Euclidean space 
that are the basic tool for the construction of the minimal submanifolds that are the 
object of this paper. 

Let p: —)■ denote an isometric immersion of a two-dimensional oriented 

Riemannian manifold into Euclidean space. The -normal space of p at p G for 
/c > 1 is given by 

Nl{p) = span{aJ+i(Xi,..., X^+i) : Xi,..., Xu+i G T^L] 

where Q^g = ag\ TL x TL ^ NgL is the standard second fundamental form with values 
in the normal bundle and 


ag-. TL X ■ ■ ■ X TL ^ NgL, s > 3, 
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is the symmetric tensor called the -fundamental form dehned inductively by 

.... A',) = (Vy ... Vya,(.Y2, A,))^ ■ 

Here V"*" is the induced connection in the normal bundle NgL and ( )■*■ means taking 
the projection onto the normal complement of Nf © ... © N ^_2 in NgL. 

Assume further that g\ L'^ ^ is minimal and substantial. The latter means 

that the codimension cannot be reduced, in fact, not even locally since minimal surfaces 
are real analytic. Then, on an open dense subset of the normal bundle of g splits as 

NgL = Nl®Ni®---®Nl, m=[(n-l)/2], 

since all higher normal bundles have rank two except possible the last one that has rank 
one if n is odd; see 0.01 or [2^ for details. Moreover, the orientation of induces an 
orientation on each plane vector bundle Nf given by the ordered pair 

(I = a‘+'(A',.... A), 51 = a-+\.JX ,..., A') 

where 0 7 ^ X &TL and J is the complex structure of determined by the metric and 
orientation. 

If is simply connected, the generalized Weierstrass parametrization implies that 
there exists a one-parameter associated family of minimal immersions; see na. An 
alternative way to see this goes as follows: for each constant 6^6 8 ^ = [ 0 , tt) consider 
the orthogonal parallel tensor held 

Je = cos 91 + sin 9J 

where I is the identity map. Then, the symmetric section ag{j 0 -, ■) of the bundle 
Hom(TL X TL,NgL) satishes the Gauss, Codazzi and Ricci equations with respect to 
the normal bundle and normal connection of g] see |9]. Therefore, there exists an 
isometric minimal immersion ge'. Lf ^ whose second fundamental form is 

Q: 35 )(X, R) (j) 0 OCg(^j 0 X 

where ( 1)0 \ NgL —)■ Ng^L is the parallel vector bundle isometry that identihes the normal 
bundles. Explicitly, the immersion is given by the line integral 

px 

9 e{x) = g*oj 0 

Jpo 

where po is any hxed point in In particular, we have that 5 ^ 0 * = g^ o J 0 . Thus (fe 
is nothing else than parallel identihcation in that identihes all normal subbundles 
Aj with Np, j > 1, and for simplicity will be dropped from now on. It turns out 
that the associated family is trivial (i.e., each g 0 is congruent to g) if and only if is a 
holomorphic curve with respect to some complex structure of the ambient space; cf. [ 1 ]. 
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Remark 1 . The case when above is non-simply-connected was considered in [T2] • 

Now assume that g: ^ n > 2, is substantial and 1-isotropic. The latter 

means that the surface is minimal and that the ellipse of curvature at all points is a 
circle. Recall that the ellipse of curvature £^{p) C Nf{p) of at p G is defined as 

S^{p) = {ag{X^, X^) : = cosifjX sinifjJX and -0 ^ [05 27r)} 

where X G TpL has unit length. 

The argument for the following result is basically due to Chern [3]. 

Proposition 2. Let Lq be the open subset of L‘^ where dimiVf(p) = 2. Then, Lf \ Lq 
consists at most of isolated points and the vector bundle Nfl^^ extends smoothly to a 
plane bundle over still denoted by Nf. 

Proof: The complexified tangent bundle TL^C decomposes into the eigenspaces of the 
complex structure J corresponding to the eigenvalues i and —i denoted by T'L and T"L, 
respectively. The second fundamental form can be complex linearly extended to TL ® C 
with values in the complexihed vector bundle NgL ® C and then decomposed into its 
(p, g)-components, p + q = 2, which are tensor products of p many 1 -forms vanishing on 
T"L and q many 1-forms vanishing on T'L. Since the surface is minimal the (1, l)-part 
of ag vanishes, i.e., ag{dz,dz) = 0 where z is a complex coordinate. We thus have the 

splitting _ 

ag = -|- where ( 1 ) 

The Codazzi equation implies that 

= 0 

which means that is holomorphic as a NgL ® C-valued tensor field. 

Since g is 1-isotropic, then dimiVf (po) < 2 if and only if ag(po) = 0. Moreover, in ([1]) 
the summands are perpendicular with respect to the hermitian inner product. Hence, 
the zeros of ag are precisely the zeros of a^'^N_ Since a^'^N jg holomorphic, we conclude 
that its zeros are isolated, and hence Lf \ Lq consists at most of isolated points. 

Let (f/, z) be a complex chart around a point po G \ Lq with ^(po) = 0. Since 
a^'^N it is not identically zero and po is a zero of it, around po we may write 

^(2,0) ^ ^-«d2,0) 

for a positive integer m, where a*^‘^N ig ^ tensor field of type ( 2 , 0 ) with a*^^’°^(po) 7 ^ 0 . 
Since a^‘^’^\dz,dz) = ag{dz,dz) is isotropic, we have that a*^‘^’^\dz, d^) is also isotropic. 
Dehne an NgL-valned tensor held on U by 

a* = + ffPM. 
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By definition, the (l,l)-part of a* vanishes, hence it maps the unit tangent circle at 
each tangent plane into an ellipse which, in fact, is a circle of positive radius since 
dz) is isotropic. Now we may extend to a plane bundle Nf dehned over 

all by dehning 

Nfipo) = span{imageQ!*(po)}, 

and this concludes the proof. | 

To conclude this section, we show how to construct any 1-isotropic simply connected 
surface in parametric form. This procedure can easily be used to construct complete 
examples as was done in a quite similar situation in m- 

On a simply connected domain f/ C C, a minimal surface g\U ^ has the 
generalized Weierstrass representation 



where the Gauss map 7 : t/ —)■ C'^ of g has the expression 

7 = ^ (1 -0^*(l + 0^),20) 

being (3 holomorphic and (j): U ^ C^~‘^ meromorphic; see [18] for details. From [2] we 
have that g is 1 -isotropic if and only if ( 0 ', 0 ') = 0 , where (, ) stands for the standard 
symmetric inner product in Hence, to construct any 1-isotropic surface start with 

a nonzero holomorphic map Oq : G —>■ Assuming that ai: G —)■ has been 

dehned already, set 

O2 = /52 (1 — 01, *(1 + 0 l), 20l) 

where 0i = aidz and 02 7 ^ 0 is any holomorphic function. Then, the surface with 
Gauss map 7 = ai, i.e., (7 = Re 02 , is 1 -isotropic. 


2 The results 

In this section, we state the results of this paper and leave the proofs for the following 
one. 

Let g: ^ M^+2, n > 3, be a substantial 1-isotropic surface and let tt: Ag ^ 

denote the vector bundle of rank n — 2 whose hbers are the orthogonal complement in 
the normal bundle NgL of g of the extended hrst normal bundle Nf of g. Associated to 
g we consider the immersion Fg\ Ag ^ given by 

Fg{p,v) = g{p) + v, ( 2 ) 
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and denote by M"" the manifold Kg when it is endowed with the metric induced by Fg. 
By construction Fg : M” —>■ is an (n — 2)-ruled submanifold with complete rulings, 

that is, there is an integrable tangent distribution of dimension n — 2 whose leaves are 
mapped diffeomorphically by F onto complete affine subspaces of the ambient space. 

In the sequel, we denote by "H the tangent distribution orthogonal to the rulings. 
An embedded surface j: —)■ M” is called an integral surface of H if j*TpL = 

at every point p E L^. 

Theorem 3. Let g: L'^ ^ n > 4, be a 1-isotropic substantial surface. Then the 

associated immersion Fg \ M” is an {n — 2)-ruled minimal submanifold with 

rank p = 4 on an open dense subset of M'^. Moreover, the rulings of Fg are complete 
and the integral surface Lf ofTL is unigue and totally geodesic. Furthermore, the metric 
of M'^ is complete if L'^ is complete. 

Conversely, let F: M” —)• n> A, be an {n — 2)-ruled minimal immersion with 

rank p = 4 on an open dense subset of M^. Assume that Ti admits a totally geodesic 
integral surface j: L‘^ ^ M” which is a global cross section to the rulings. Then, the 
surface g = F o j: —)■ is 1-isotropic and F can be parametrized by 

The vertical bundle V = ker vr* of the submersion vr decomposes orthogonally as 

V = 

on an open dense subset of Lf, where denotes the plane bundle determined by iV|. 
In fact, this holds if g is 2-regular which we can assume without loss of generality. In the 
sequel, we consider the orthogonal decomposition of the tangent bundle of M"' given by 
TM = 'H®V where we identify isometrically (and use the same notation) the subbundle 
V tangent to the rulings with the corresponding normal subbundle to g. Then, it follows 
from the proof that the relative nullity leaves of F are identihed with the hbers of V°. 

Let fl be the endomorphism of TM such that ffl'H'- Ti Ti is the almost complex 
structure in Ti determined by the orientation and restricted to V is the identity, and set 

Je = cos 91 + sin 9J. 

Theorem 4. Let g-. Lf ^ ,n > 4, be a simply connected 1-isotropic substan¬ 
tial surface. Then Fg: M'^ -E- allows a smooth one-parameter family of minimal 

genuine isometric deformations Fg: —)■ 6 e such that Fq = Fg and each 

Fg carries the same ruling and relative nullity leaves as Fg. 

Moreover, there is a parallel vector bundle isometry Np^M —)■ Np^M such that 

the relation between the second fundamental forms of Fg and Fg is given by 

ap,{X,Y) = 4tg{R.gap^{X,Y) + 2Ksm{e/2)^{J_g/2X,Y)) (3) 

where Rg is the rotation of angle 9 on Np^M that preserves orientation, k is the radius 
of the ellipse of curvature of g and (3 is the traceless bilinear form defined by / flgj) . 
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Remark 5. Quite similar arguments give that the above two results hold for dimension 
n = 3 and rank p = 3. 

If g is holomorphic with respect to some parallel complex structure in then 

taking a rotation of angle 6 that preserves orientation in each N^, s > 2, induces an 
intrinsic isometry Sq on M”. 

Theorem 6. If g is holomorphic then Fg o is congruent to Fg for any 6 

In other words, we have that Fg is equivariant with respect to the one-parameter 
family of intrinsic isometries Sg with 0 G 


3 The proofs 


Let g: ^ M’^+2 , 77 , > 4, be a substantial oriented minimal surface. We choose local 

positively oriented orthonormal frames {61,62} in TL and {63,64} in Nf such that 

0 ^( 61 , 61 ) = K 63 and Og( 6 i, 62 ) = /i 64 


where k, p are the semi-axes of the ellipse of curvature. We also take a local orthonormal 
normal frame { 65 ,..., 6 ^+ 2 } such that { 62 r+i, 62 r+ 2 } is a positively oriented frame field 
spanning Nf for every even r. When n = 2m -|- 1 is odd, then 62 m+i spans the last 
normal bundle. We refer to {ci,..., 6 ^+ 2 } as an adapted frame of g and consider the 
one-forms 

Uij = (Vcj, Cj) for I < i, j < n + 2 . 

Then, we have from 


Q;g(6i,6i,6i) + Q;g(6i,62,62) = 0 and 0^(61,61,62) = 03(62,61,61) 


that 


tU45 = - Y * ^35 and 0746 = “T * 

A A 


(4) 


where X = p/ k, * denotes the Hodge operator, i.e., *a;( 6 ) = —u{Je), and J is the 
complex structure of induced by the metric and the orientation. We denote by 


V = ai6i 0262, W = bid + ^262, Y = C161 -h 6262 and Z = diCi + ^262 
the dual vector fields of a; 35 , a; 36 , a ;45 and a; 46 , respectively. Then (0]) is equivalent to 

Y = -\jV and Z = ~JW, 

A A 

and hence 

Aci = 02 , Ac 2 = —Oi, Adi = 62 and Xd 2 = —&i. 


Clearly F = Fg is an immersion and the horizontal bundle "H is the orthogonal comple¬ 
ment of V in the tangent bundle of i.e., we have at {p,v) G M"' that 

T(^p,v)M = H{p, v) © V(p, v). 

Fixed (p,v) G dehne a normal vector held 6 ^ in a neighborhood U of p by 

^v(g) = '^(v,ej(p)}ej(g). (5) 

j>5 


Let Pi, I < i < 2, be the curves in satisfying PpO) = {p,v) given by 

Pi{s) = {ci{s),5y{ci{s))) 

where each cps) is a smooth curve in such that c'(0) = epp). Then Yi, I 2 G 
where 

Y, = /3'(0), 1<*<2. (6) 

Let Gi, Hi G C°°{M), 1 < i < 2, he the functions 

Gi = t2UjlQ + t^uly + Hi = —fiWgg + 

where = ujij{ek) and tj G G°°{M) is dehned by 

tj{q, w) = {w, ej+ 4 (g)), 1 < j < 4. 

The vertical bundle V can be orthogonally decomposed as V = where 

denotes the plane bundle determined by iV|. Let {E^, E 4 } and {E^,..., En} be the local 
orthonormal frames of and V°, respectively, such that 

F^Ej = ej+2, < j <n. 

Lemma 7. The vectors Xi,X 2 G defined as 

X, = Y, + G,Es + H,E^ - eg)Eg _2 (7) 

j>7 


satisfy Xi,X 2 G H{p,v) and 


F^Xi — g^ci — — —95264, F * X 2 — (7*62 — 95263 + —95464 

where 

(fj = t^^aj + t^bj, j = 1,2, 
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and = tj{p,v). Moreover, the normal spaee NpM{p,v) is spanned by 

^ = g*{tiV{p) + 4W{p)) + esip), V = + 4Z{p)) + e4{p). 

In partieular, if g is 1-isotropie we have 

llXilp = IIX 2 IP = = 1 + \\t\V{p)+tlW{p)\\\ {X4,X,) = 0 

and 

ll^ll = ^ = Wvl {^,V) = 0. 

Proof: We obtain from 

F^Yi = g^^Ciip) + ej){p)ej{p) 

i>3 

that 

- Y ej){p)F^Ej_2 = g^pCiip) - Y S,,){p)ek{p). 

j>5 3<k<4 

On the other hand, 

(Vj-/^,e5)(p) = -4ule{p) - tlul^ip) - tlulgip) = -Gi{p,v), 

{Xj.5y,ee){p) = 4 uIq{p) - t^ul^ip) - t^iVegiP) = -Hi{p,v) 

and 

(Vf,e3, 5^){p) = tVssW + tWz&{p) = ti^iip) + AHp)^ 

(Vf,e4, 5„)(p) = t\ul^{p) + tlujl^{p) = t\ci{p) + tldi{p) 
where also = tj{p,v), 3 < j < 4. Hence, 

F^Xi = g^Ci - + t2^j)e3 - (t?Ci + t2'^i)e4, f = 1, 2. 

The remaining of the proof is immediate. | 

Lemma 8. The following equations hold: 

= g^V, = g^W and f^ = 0on V°, ( 8 ) 

? 7 *i ?3 = g^Y, = g^Z and 77 * = 0 on V°, (9) 

= 5f*((ei(</9i) — n)ei + ei{(p2)^2 + uj\2J{tiV + t2W) + GiV + HiW^ 

pKpie^ + (CO 34 + \Kp2)e4 + 0165 + ^iCg, ( 10 ) 
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^*^2 — 5'*(62(v^i)ei + ( 62 ( 9 ^ 2 ) + ^)e 2 + uJi2Ji'tiV + t2W) + G 2 V + H2W^ 

— Kip 2 &Z + (^34 + \Kipi)ei + <2265 + ^266) (11) 

?7*Xi = 5'*(ei('0i)ei + (ei('02) - AK)e2 + cra;i2(^il^ + ^211^) - aGiJV - aHiJW) 

-(^34 - K'ipi)e'i + Xn'ip2ei + 0-0265 + 0 - 6266 , ( 12 ) 

?7*X2 = S'*((62(- 01 ) - Afi:)6i + 62(V’2)62 + o-a; 42 (^il^ + ^ 211 ^) - (TG2JV - aH 2 JW) 

-(1:034 + Kip2)e'i + AkV ’164 - 0-0165 - 0-6166 ( 13 ) 

where a = l/\ and ipj = t\cj + t^dj, j = 1, 2. 

Proof: Let 7(5) = (e(s), o(s)) be a curve in M"’ so that 7(0) = (p, v) and 7'(0) G V(p, v), 
that is, c'( 0 ) = 0 . We have that 

^* 7 '( 0 ) = (L>n/ds( 0 ), 65 (p))s'*i/(p) + {Dv/ds{0),ee{p))gM{p), 

or equivalently, that 

^* 7 '( 0 ) = {F^y{ 0 ),e 5 {p))g*V{p) + (F* 7 '( 0 ), 66 (p))s*hL(p). 

From this -we obtain ([H]). Similarly, we have 

h* 7 '( 0 ) = (^* 7 '( 0 ), 65 (p))s* 1 "(p) + (F*7'(0),66(p))s*Z(p) 
from which we obtain ([2]). 

Making use of Lemma [ 7 ] and the Gauss and Weingarten formulas for g we compute 
equations fjlQj) to (B. We only argue for ffTOj) since the proof of the other equations is 
completely similar. We have from d?]) and ([8]) that 

fifXi = fPPi + GigP/ + Hig^,W, 1 ^ i ^ 2. 

In view of ([6]) and since 

if o A)(s) = t°g*V{Ci{s)) + t2g„W{Ci{s)) + 63(c*(s)) 


we obtain 


= t?(s*VeiG + a,(6i, V)) (p) + 4{g.Ve,W + ag{ei, W)) (p) 

-k(p)p*6i(p) + V^^63(p), 

and the desired formula for ^*Xi follows by direct computations. | 
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Lemma 9 . If g is a 1 -isotropic surface, then the shape operators of Fg with respect to 
the orthonormal tangent frame 

Ei = Xi/Q, i = 1 , 2 , and F^^Ej = ej+2, 3 < j < n, 

vanish along and restricted to "H © are given by 


K + hi 

h2 

n 

Si 


h2 

K — hi 

62 

S2 

h2 

—K — hi 

62 

S2 

, A„ = 

K — hi 

-h2 

-61 

-Si 

ri 

r2 

0 

0 

? ■*■77 

62 

-61 

0 

0 


S2 

0 

0 


■^2 

-Si 

0 

0 


( 14 ) 




where riVL = —Oi, Sjfi = —bi, i = 1,2, and 

hi = —^(^i(ei(ai) — 02-01 ~ biulo) + t2{ei{bi) — 62-01 + 

+^3(^11^57 + ^iWgy) + t^i^aiLvlg + fticogg)), 

^2 = —^(^1(62(01) — 02-02 — ^iCOgg) + 62(62(61) — 62-02 + fllWgg) 

+63(016057 + 6 i 60 g 7 ) + 64(016053 + 6 i 60 gg)) 

where = 6O72 + ^034, 6 = 1, 2. 

Proof: Since g is 1 -isotropic, then ffTOll to flT 3 l) hold for fji = ip2 and -02 = —+i- On the 
other hand, a straightforward computation shows that the Ricci equations 

(R-^(ei,e2)e„,e^) = 0 

for a = 3,4 and /9 = 5 , 6 are equivalent to 

61(^2) ~ 62(^1) + 01-02 + ^2-02 ~ ^ 21^56 + ^ 11^56 = O5 
61(62) — 62(61) + 6i-0i + 62-02 + ®2a^56 ~ ®i605g = 0, 

6l(oi) + 62(02) — 02-01 + 01-02 ~ 616055 — 626055 = 0, 

61(61) + 62(62) — 62-01 + 6i-02 + 016055 + 026055 = 0, 

and for a = 3,4 and (3 = 7,8 are equivalent to 

02^^57 Ol 0^57 + 626057 6 i 60 g 7 = 0, 

021^53 — 016053 + 626053 — 6i60gg = 0 , 

O16O57 + O26O57 + 6i60g7 + 626057 = 0, 

^^^58 + ® 2 l ^58 + ^10^68 + ^ 2^68 ~ 0- 

We thus have that 

{A^Ei,Ej) = -{F^Ei,^^Ej) and {AgEi,Ej) = -{F^Ei,g^Ej), 1 < i,j < n. 
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and the result follows by a straightforward computation. | 

Proof of Theorem 0' We hrst prove the converse. Let F: M” —)■ n > 4, be an 

{n — 2)-ruled minimal immersion with rank p = 4 on an open dense subset. Then the 
tangent bundle splits asTM = "H © V, where H is orthogonal to the rulings and V splits 
as V = with the hbers of being the relative nullity leaves. 

The normal space of the surface g = F o j sd. any point a; G is given by 

NgL{x) = F,{j{x))V © NfM{j{x)). 

Let Ag be the subbundle of the normal bundle of g whose hber at x G is T*(j(x))V. 
Observe that 

F{p) - go 7r(p) = F(p) - F{j{x)) G T*(j(x))V 

for any p G M"', where x = 7i{p), since p and j{x) belong to the same leaf of V. Since 
F maps diffeomorphically the leaves of V onto complete affine subspaces, it follows that 
the map T: —)■ Ag given by 

T(p) = (7r(p), F{p) -go 7r(p)) 

is a global diffeomorphism. Clearly the immersion F = F o T~^ satishes 

T(x, v) = g{x) + r, 

i.e., F = Fg is of the form ([2]). Identifying M"' with Ag via T, we have that F = Fg and 
j is the zero section of Ag. 

It remains to show that g is 1-isotropic. Being j totally geodesic, we have that 

ag{X,Y) = aF{j,X,j,Y) (15) 

for all X,Y &TL. This and our assumptions imply that g is minimal. The horizontal 
and the vertical bundles satisfy 

F,(p,r)V = (IVf(p))^ C NgL{p), F,{p,v)n C p,T,T © (A,(p))^, 

NfM{p,v) C g^TpL © (Ag(p))-^ 

and now flT^ yields Nf = A-^. 

Let {ci,..., en+ 2 } be an adapted frame of g. Setting 

gij = {Xi,Xj)p,, h\g = {^^Xi,F^Xj) and bd = {p^Xi,F^Xj), i,j = 1,2, 

and using Lemma [7] and Lemma [HI we hnd that 


gu = l + ipl + gi 2 = (1 - 5'22 = 1 + T 2 + 
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and 


fefl = ei((^i) — K, — 0j12^2 + Gl^l + fflbl — K(pi — (T992(i^34 + M‘P2), 
bu = ei(</ 32 ) + u:\2'^i + Gia2 + ifi&2 - + ^(p2)-, 

b\i = e 2 (</ 9 i) — + ^201 + -f^2^i + >^^1^2 ~ <^¥^2(^34 + 

^22 — 62(^2) + K + U!i 2'^1 + G2CI2 + -^2^2 + ^ 9^2 ‘^^l ('^34 d* /^^l) 


and 

bn = ei(^/’i) - ujl2i’2 + (jGia2 + (jHib2 + ^ 34(^1 - + </? 2 ^ 2 ), 

bi 2 = 61(^2) - /i + ^1^2^’! - crGiOi - aHibi + ul^ip 2 + k((^iV’2 - ^ 2 ' 4 ’i), 
b\i = e2{i>l) - /i - Ujl2i’2 + (TG2a2 + aif2&2 + + «(95lV'2 - </32'0 i), 

&22 = ^2{'ip2) + oJn'il’i - aG2ai — aH2bi + ul4^ip2 + + ^2'>p2)- 

From our assumptions, we have 

~ fi'l2(^12 + ^21) + 5 ' 22^11 = 0 ( 16 ) 

and 

5'11^22 ~ 5'12(^12 + ^21) + fi'22^11 = 0 . ( 17 ) 

Viewing (fT6l) and ffTT)) as polynomials were the coefficients of tf, tlt^ must vanish gives 

(A2 _ i)(a2 + al){al - al) = 0 = (A^ - 1)(6? + bl){bl - bl) 

and 

(A^ — l)aia2(®i + ^2) = 0 = (A^ — 1)6162(^1 + ^2)- 

Hence A = 1 since otherwise, we have from the above that 0235 = a;36 = 0245 = = 0 , 

which is a contradiction. 

We now prove the direct statement. Observe that g = FgO where j is the zero 
section of M"". Clearly, we have that j is an integral surface of the distribution orthogonal 
to the rulings which is also totally geodesic and a global cross section to the rulings. Up 
to the uniqueness of the integral surface and completeness of the proof now follows 
from Lemma [ 9 l In fact, it is very easy to see that the metric of is complete if the 
metric of is complete. 

Assume that there exists a second integral surface j: —)■ M”. Set g = FgO j and 

let T: —)■ be the diffeomorphism given by 

T(p) = (7r(p), F{p) - g{Ti{p)). 

Then T o T~^: Ag ^ Ag is 

T o T~^{x, v) = {x,v + g{x) — g{x)). 
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Hence Kg and Kg can be identified by parallel translation, thus there exists a section 6 
of Kg such that g = g + 6. It follows from 

g^X = g^X + (18) 

that G iVf for any X eTL. If 5 is constant, then g lies in an affine subspace 
of perpendicular to 6 which has been excluded. Thus, there is /i = Vi/ i 0 for 
some Xo G TL. From fflSj) we have that V^/i G Nf for any Y G TL. This easily implies 
that Nf is parallel in the normal bundle and thus g lies in R^, a contradiction. | 

Proof of Theorem\^- For each 0 G we define Fq: Kg ^ R”'+^ by 

Fdip,v) = ge{p) +v. 


In the sequel, corresponding quantities of Fg are denoted by the same symbol used for 
Fg marked with 6. That Fg is isometric to Fg is immediate. Since the tangent frame 
{ci, 62} has been fixed, we have for the adapted frames of gg that 

63 = and 64 = Rle^ 

where Rl is the rotation of angle 6 on Nf. We complete the adapted frame choosing 

ej=ej, 5<j<n + 2. 

Clearly, it holds that = a;34 and ojfg = ujij for i, j > 5. Moreover, 

Wgg = cos — sin 0 * Wss and Wgg = cos — sin 6 * Wag. 

Hence, the dual vector fields of wfg and wfg are given, respectively, by 

Vg = J_gV and Wg = J_gW. 


Thus, 

and 


al = ai cos 9 + 02 sin 9, 


hi = hi cos 0 + 62 sin 6*, 
It follows from (|5]), (|6]) and ([7]) that 


&2 


02 COS 9 — ai sin 9 
62 cos 6* — hi sin 6*. 


Xf 


z = l,2. 


By Lemma [71 the normal bundle of Fg is spanned by 

fe = ge,J-e{tiV + t2W) + Rles, pg = —5'6»*<7n-/2-6»(H V + t2W) + R^e^. 
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A straightforward computation yields that the map \l/e: Np^M —)• Np^M given by 

and '^gr] = rjg 


is a parallel vector bundle isometry. The shape operators of Fg vanish on and 
restricted to "H © are given with respect to the frame {Ei ,..., En} by 


K + hi 

K 

rp9 

' 1 

sf 


hi 

K — hi 

ip9 

'2 

■52 

K 

—K — hi 

'2 


4® - 
’ ^ve - 

K — h\ 

-hi 

^9 

'1 

-sl 

' 1 

rfd 

'2 

0 

0 

^9 

'2 

^9 

'1 

0 

0 

L 4 

*2 

0 

0 


L *2 

-sl 

0 

0 


where rffl = —af, sffl = —b^ and 

hi = hi cos 9 + h 2 sin 9, h^ = —hi sin 9 + h 2 cos 9. 


Let Lg denote the endomorphism of TM such that Lg\i; = 
reflection given by 


Le\'H — 


— sin(6*/2) cos(6'/2) 
cos(6*/2) sin(6'/2) 


0 and Lgl-fi'. H 


y, is the 


with respect to the tangent frame {Ei,E 2 }. It follows easily that 


- 2Ksm{9/2)Lg and A^^^ = A^gri -‘2nsm{9/2)JLg. 


By a direct computation we obtain 

ap^{X,Y) = ^g(R_gap^{X,Y) - —sm{9/2){{LgX,Y)^+{LgJX,Y)r])y 
Dehne /3 as the symmetric section of Hom{TM x TM, Np^M) with nullity V such that 
/3(Ei, El) = = -P{E 2 , E 2 ) and E 2 ) = (19) 

and the proof of ([3]) follows easily. 

Finally, that the isometric deformation Eg of Fg is genuine is immediate from flTTD 
since the shape operators of Eg have rank four for any normal direction along an open 
dense subset. | 


Proof of Theorem 0- Being g holomorphic, there exists an isometry r of such that 
Qg = T o g. The higher fundamental forms satisfy 

= r* o ap~^ for any s > 1. 

It was shown in [3] that the almost complex structure J induces an almost complex 
structure Jg on each dehned by 

Jgal+\Xi, ... = al+\JXi, ... 
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In the present case each Jg : —>■ is an isometry. Thus, we have 


a 


s+i _ 


9e 


= Re ottg 


5+1 


where Rg = cos ^J+sin OJg. Hence Rg = ■ It is now easy to see that Fg = roFgoS-g, 

and this concludes the proof. | 


4 The case of holomorphic curves 


Let the substantial surface g-. ^ n > 6, be a holomorphic curve with respect 

to some parallel complex structure in Let {61,62} be an orthonormal tangent 

frame such that 


Q;g+^(6i, . . . ,61) = Ks62s+ 1, Q;g+^(6i, ... ,61,62) = Ks62s+2, 1 < s < n/2. 

Then, set Tg = Kg/Kg^i, 1 < s < n/ 2 , with kq = 1 . It is well-known that Kg can be 
dehned as the radius of the s*^-curvature ellipse (cf. [H]) and that the functions Tg are 
completely determined by the metric of in an explicit form by a result of Calabi (cf. 

ra)- 


We see next that in this case of a holomorphic curve g the second fundamental form 
of the associated minimal ruled submanifold Fg\ M” —)■ is substantially simpler 

than in the general case and completely determined by the metric of the surface. 


Proposition 10. Let g: L'^ ^ n > 6, be holomorphic. Then the shape operators 

of Fg: M” —)■ with respect to the orthonormal tangent frame 


Ei = Xi/VL, i = 1 , 2 , and F^Ej = 6^+2, 3 < j < n. 
vanish along and restricted to R (BV^ are given by 


Ti + hi 

h 2 

r 

o' 


h 2 

Ti - hi 

0 

r 

h 2 

1 

1 

0 

r 

, A„ = 

Ti - hi 

-h 2 

—r 

0 

r 

0 

0 

0 

? ■*■77 

0 

—r 

0 

0 

0 

r 

0 

0 


r 

0 

0 

0 


where 

(^161+2) - t262(r2) + ^37-27-3), 

^2 = -7— 7T2TW2W2 (^162(7-2) +t26i(r2) +f 4 r 2 r 3 ), 

“T" 1^1 “T (^ 2)‘2 

r2 


( 20 ) 


Moreover, the second fundamental form of Fg depends only on the metric of and M” 
is not a Kaehler manifold. 
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Proof: From the choice of the normal frame and the dehnition of higher fundamental 
forms, we hnd that the normal connection forms 

^a /3 = (V^ea,e/3), 1 < j < 2, 3<a,/3<n + 2, 

satisfy 

• • •, ei) = 0^(61,..., ei))^| 

= «^s-l(Vf^e2s-l)Arf 

= l^s-l{^ls-l,2s+1^2s+l + ^ls-l,2s+2^‘is+‘2) ■ 

Similarly, we hnd 

• • • ) Cl, 62) = Ks-l{u:ls^23+1^23+1 + (^2 s, 2 s+ 2^‘2 s+ 2) ■, 

0:p~^{e2, 62, Cl ... , ei) = Ks_i {oois,2s+1^2s+l + 23+2^2.3+2) , 

«g’^^(e2, ei..., ei) = Ks-i{u: 23 -i, 23 +i^ 2 s+i + ^23-1,23+2^23+2)■ 

Thus, we obtain 


^2s-l,2s+l — ^2s,2s+2 — T'sCt’l, 0J2s-l,2s+2 — —^23,23+1 — TsOJ2- ( 21 ) 

Moreover, from part {ii) of Lemma 6 in [23] it follows that 

^ 2 s+i, 2 s +2 = (s + l)ci;i 2 + ^dlogKs, 1 < s < n/2. (22) 

Then, using fl2T]) . fl2^ we have from Lemma |9] that the second fundamental form of Fg 
is given by fl20|) . 

Now suppose that M” is Kaehler. It follows from Theorem 1.2 of na that hi and 
h 2 must vanish identically. This would imply that fcs = 0, and hence the surface in 
contained in M®. Furthermore, T 2 would be constant. Then, using Lemma 2 in [19] we 
would have that the holomorphic surface is hat and this is a contradiction. | 

Remark 11. Notice that in order to obtain the expressions of the shape operators in 
the above result we only used that the hrst three ellipses of curvature are circles. 
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